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1 | INTRODUCTION

With the development of autonomy, unmanned aerial vehicles (UAVs), especially quadrotors, have been more and more involved
in applications that cannot be easily accomplished by human beings" ', such as search and rescue, reconnaissance, resource
exploration, forest fire prevention and military missions“*. Nevertheless, numerous reports indicate that UAV's operating in
unauthorized airspace are unlikely to complete their task effectively without stable and efficient decision-making. It is therefore
essential to develop effective decision-making frameworks to ensure the safe and efficient operation of UAVs in complex
environments, without violating no-fly zones. Furthermore, complex systems such as air traffic and infrastructure often exhibit
complex behaviours arising from heterogeneous interactions®”, which are essentially hybrid in nature. The uncertainty of
interleaved discrete and continuous evolution also leads to the emergence of stochastic systems models, which contain both
deterministic and stochastic components. Since the reach-avoid game problem deals with the determination of initial states set
in the deterministic hybrid system, where at least one control strategy can be found to steer the system to a target set while
guaranteeing collision avoidance®™. A hybrid system of deterministic and stochastic dynamics are often more challenging than a
deterministic hybrid system. Therefore, this paper mainly studies the reach-avoid game problem for deterministic and stochastic
dynamics system.

The reach-avoid game problem involving a defender and an attacker has been studied in the literature as a zero-sum differential
game using different approaches including optimal control'Y, reachability analysis'? and model predictive control'®. Due
to the curse of dimensionality, these methods extend the 1-vs-1 reach-avoid game to multi-agent systems using a "divide and
conquer” approach. For a given multi-agent systems, all possible 1-vs-1 non-cooperative games between the defender and the
attacker are solved first. Next, this is extended to cooperative games with multi-agent distributed control.

In Ref !4, optimal coordinated control policies have been synthesized, demonstrating the ability of two camera-equipped UAVs
to cooperatively track a moving ground target, resulting in both reduced geolocation error and distance coordination. Conversely,
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FIGURE 1 An overview of deterministic and stochastic dynamics model for reach-avoid games.

a substantial body of research has been dedicated to pursuit-evasion games. Bakolas and Tsiotras> propose a problem in which
the pursuer aims to capture the evader. However, the aforementioned framework does not consider the presence of obstacles.
Most non-cooperative games have been studied in a deterministic setting, ignoring the uncertainty of system dynamics and the
influence of the environment''2, Therefore, there is a need to extend the current solutions for non-cooperative games to a more
general framework which takes into account the stochastic flowfield disturbances of the system dynamics. In®, a link between
the stochastic reach-avoid game problem and the stochastic optimal control problem involving discontinuous payoff functions
was established. However, the approach in Ref.® does not take into account the interaction among multiple agents in a game. In
Ref.!%, the authors consider a multiplayer reach-avoid game in three dimensions involving heterogeneous players. They initially
decompose the original multiplayer game into a series of smaller games involving coalitions of three or fewer pursuers and only
one evader, employing a Hamilton-Jacobi-Isaacs (HJI) equation. Subsequently, a sequential matching problem on a conflict
graph comprising the pursuers’ coalitions and evaders as nodes is solved in order to identify an approximate assignment that
assigns the coalitions of pursuers to capture evaders. The aforementioned studies provide useful insights into the problem of the
reach-avoid games, but their application is limited by the lack of consideration of collisions among multiple agents.

As the number of agents increases, it becomes increasingly difficult to control these agents centrally. Therefore, research on
the control of multi-agent systems has gradually shifted to a distributed approach 8% One of the research goals of distributed
agents is to study cooperative game behaviour? when they need to deal with a task, including generalized Nash equilibrium®L".
However, for the reach-avoid problems, which consider both deterministic and stochastic dynamic models, few existing studies
consider multi-agent systems with cooperative game behaviour and competitive behaviour. In addition, many current studies focus
on trajectory planning in a stationed or unstationed agent environment2, including our recent work on trajectory optimization>.
In particular, some of the popular works?#2> add game-theoretic methods to the prediction, planning and control of cooperative
or competitive multi-agent reach-avoid games, because game theory is a suitable tool for modelling the interactions among
multiple agents?®. On the other hand, for distributed multi-agent reach-avoid games, stochastic reachability analysis®2” is an
effective method for solving the safety constraints and performance of stochastic dynamic systems, and it provides a good
mathematical framework. The theoretical framework for stochastic reachability is based on dynamic programming®, which
can effectively establish the connection between stochastic reachability problems and stochastic optimal control problems with
discontinuous cost functions®. Therefore, using our previous work on Probabilistic Reachability Analysis (PRA) in stochastic
reachability games?’, PRA is combined with competitiveness analysis with predictive planning in cooperative games, and
propose a Defender Collision-Free Cross-Interception (DCFCI) strategy to deal with the defender game optimization problem in
the reachability game. PRA is used to characterize the defender’s high-probability interception of the attacker’s region. The
probabilistic reachability results are then extended to use DCFCI strategy of the defender team to intercept the attacker team to
prevent it from reaching the target area.

Figure [I] shows an overview of the deterministic and stochastic dynamics model for the reach-avoid games in this paper. The
contributions and innovations of our work are:

(i) The hybrid deterministic and stochastic reach-avoid game problem is decoupled into a Non-Cooperative Probabilistic
Game (NCPG) between the defender and the attacker and a Cooperative Probabilistic Game (CPG) that includes collision
avoidance, game analysis and reachability analysis.
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(ii) A zero-sum game analysis is conducted in a NCPG. A stochastic HJI equation is constructed using the performance
integrator. Finite-time stability is considered separately with and without obstacles by introducing a probability transition
function. The strategy is updated in continuous iterations to obtain a Nash equilibrium solution.

(iii) The high probability interception region that is based on PRA using stochastic processes in CPG is calculated by
establishing a stochastic Hamilton-Jacobi-Bellman (HJB) equation using the Level Set method. The proposed DCFCI strategy is
used to transition from competitiveness analysis with predictive planning in stage I to complete collision free cross-intersection
in stage II. The continuous iterative feedback strategy verifies the feasibility of the strategy to obtain a Nash equilibrium solution.

The paper has the following outline. In Sec.[2] a deterministic and stochastic hybrid system for reach-avoid games is given. In
Sec.[3] the process of NCPG is introduced based on the zero-sum game analysis and safety guaranteed. The CPG method using
the PRA and DCFCI strategy is proposed in Sec.d The method is demonstrated and verified through simulation results shown
in Sec. [5] Finally, in Sec.[6] conclusions and future work are briefly introduced.

2 | PRELIMINARIES AND PROBLEM DESCRIPTION
21 | Problem description

In this section, a multi-agent reach-avoid game is considered among a team of N defenders, and a team of N attackers. Each
agent is confined in a bounded, open domain {2 C R”", which can be partitioned as a set of obstacles {2, and free space {)c..
Let xp,xa € R” be the state vector of the defender and attacker, respectively, which represent the position of each defender and
attacker. Initial conditions of the agents are denoted by x%i, xgl, € Qpee, 1 =1,2,...,N. In reach-avoid games, the dynamic of
the system is composed of a deterministic part and a stochastic part. The deterministic part of the dynamics are defined by the
following decoupled system for ¢ > 0:

ip, (1) = vpdi(),  xp,(0) = xp,

K, () = vaaj(0),  xa,(0) = x5,
where d;(-), a;(-) represent the control functions of defenders and attackers respectively. The defenders have the same maximum
speed v, and the attackers have the same maximum speed v,. Assuming the movement of both attackers and defenders are
influenced by the Brownian motion W, the dynamics of the agents can be denoted by the following stochastic differential
equations:

)

ip,(H) = vpdi(t) + o (xp,.d;) dW, xp,(0) =},

X, (1) = vaai(D) + 0 (xa,,a)) AW, x4(0) = xf;j

2

The agents’ joint state and joint initial condition become x = (xp,, x4,), x! = (xODi,ng) respectively. In this reach-avoid game,
the attacking team aims to reach the safe set as shown in Fig.[2] a compact subset of the domain, without getting captured by the
defenders. The capture conditions are formally described by the capture sets C;; C 22V for the pairs of the agents. In this paper,
the capture set is defined to be C;; = {x e QW ’ lxp, — x4, 1|2 < Re }, the interpretation of which is that an attacker is captured by
a defender if their relative distance is within Rc'12. Next, Consider a reach-avoid stochastic process X x

x=PXud+o(x1)

3
=f(x)+ g)u(®) + k(x)d(®)+o (x,1), t>0 ®)

where u is the control input of the defender, d is the control input of the attacker, and f, g, k are continuous action functions on R”
s0 as to respectively maximize and minimize the probability of finishing the game at the finite time. Consider that €2, = UZOI O;
is the region occupied by the obstacles, where N© being the fixed number of obstacles, O; = {x € Q : O;(x—g;) < ¢;} being
the region occupied by each obstacle i, where ¢; € € is a random variable generated from a marked Binomial point process=",
representing the center of obstacle, and O; being a Holder condition function determining the type of the obstacle, and ¢; a
positive constant setting the size of the obstacle. In each game initialization, the agents have available information provided by
the tuple (g, e;, O;(x — g;)), where ¢; is a finite set of points (cluster) associated with the obstacle i. Note that the terms O;(x — ¢;)
and e; operate as marks attached to the point location g;.
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FIGURE 2 [Illustration of a multi-agent reach-avoid game using game theory and reachability analysis based on dynamics flowfields.

3 | NON-COOPERATIVE PROBABILISTIC GAMES WITH STATIONED ATTACKER
3.1 | Zero-sum game analysis

Considering the system (3)) with a cost function given by

J (% u(),d(-)) = / OoL(x, u(t), d(t)) dt @)
0

with the performance integrand
L, u,d)=Li(x)+u Ryu—d Ryd (3)

where L; : R” — R is continuous on R" with L{(0) =0 and R; >~ 0, j € {u,d}. We shall now provide the following definitions
adopted from*12 to introduce the concept of finite-time stability.

Definition 1. “! The zero solution x(¢) = 0 to Eq. with u(#) = 0 and d(¢) = O is finite-time stable if it is Lyapunov stable and
finite-time convergent, i.e., for all xo € AM\{0}, where N' C R" is some open neighborhood of the origin, limy, —, 7x0y) X() = 0,
where T(-) is the probability transition function such that T'(xo) € [0, 1], xo € N. The zero solution x(¢) = 0 to Eq. (@) with
u(?) = 0 and d(¢) = 0 is globally finite-time stable if it is finite-time stable with A/ = R".

Definition 2. “? Let A C R” be a compact set such that 0 € A and let /' C R” be an open neighborhood of .A. The compact set
A is finite-time attractive with respect to Eq. (3) with u(z) = 0 and d(r) = 0 if for every xo € N, the solution x(¢), r > 0, satisfies
dist(x(?), A) = 0, t > T(xp). Furthermore, the compact set A is globally finite-time attractive if it is finite-time attractive with

N’: Rn.

Now, for every initial condition xy € R”, define F,(xo) and F,(xg) to be the set of feedback strategies of the defender
and the attacker, respectively, and define F(xg) = {u(-) € F.(x0),d(-) € Falxp)}: x(-) given by Eq. (@) satisfies x(t) — O as
t — T(xp) to be the set of pairs (u(-), d(-)) of finite-time stabilizing control strategies. Furthermore, let u(-) € Up(xy) C F,(x0)
and d(-) € Ux(xp) C Fa(xp) be such that Up(xg) x Ua(xg) = F(xo), xo € R™. Next, our problem is stated as a finite-time stable
non-cooperative games.

Considering the system (3] end time evolution of non-cooperative games associated with the performance measure (@) wherein
the defender seeks to minimize it, whereas the attacker seeks to maximize it. The objective amounts to finding a globally
finite-time stabilizing saddle point solution (u*(-), d*(-)) € F(xp), rendering the equilibrium point of the closed-loop system @)
with u(-) = u*(-) and d(-) = d*(-) globally finite-time stable while («*(-), d*(-)) is a saddle point of the performance index @)
for every xp € R”". Because the dynamics are stochastic, it is no longer possible to minimize the value function. Instead, the
expected pay-off is minimized over all possible further realizations of the Wiener process. The value of the game stems from the
min-max problem

V(xo, 1) = E[J (xo, d R" 6
(.0=, max  min B[ (x.u0).dO)]. % € (®)
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and the Hamilton function is defined as
H (x,u,d,V(x,n)") = L(x,u,d) + V(x,1) [P(x,u,d) + o (x,1)] @)
Applying the stationarity conditions to the Hamilton function (7), the pair of feedback Nash strategies are obtained

u*(x) = arg min H (x, u,d, V(x, t)T)

1 ) ®
= —ER;lg(x)TV(x, e
and .
d*(x) = argmax H (x, u,d, Vix, t)T)
1 . 9
= ERjk(x)TV(x, n’
Substituting Egs. (8) and (9) into Eq. (7)), the HJI equation is obtained
: L. 1 \TY r, 1 17 AT T
Li(x)+ V(x,1) [f(x) + o(x)] - ZV(x, NEXR, g(x)" V(x,1)" + ZV(x, Hkx)R; k(x)" V(x,t)' =0
=H (x, u*,d*, V(x, t)T) = maxmin H (x, u,d, V(x, t)T) (10)

=0, xg € R
The first theorem provides sufficient conditions for guaranteeing finite-time stability along with the existence of the Nash
equilibrium.

Theorem 1. Considering the controlled nonlinear dynamics system (3) with performance index ({#). Assume that there exist
a radially unbounded continuously differentiable function V : R" — R, real numbers o > 0 and 3 € (0, 1), and continuous

feedback strategies such that
u*(0)=0, d*0)=0

V0)=0, V() >0
V) [P (x,u* (), d* () + 0 (x,0)] < -aVP(x)

. 11
H (x,u*,d*,Vx)") =0 (b
H (x,u,d*, Vx)") >0
H (x, u*,d, V(x)T) <0
with the feedback strategies u*(-) = u* (x(+)) and d*(-) = d* (x(-)), the zero solution x(t) = 0 to
x=P(x,u",d)+o(x1),1>0 (12)
is globally finite-time stable. Moreover, there exists a probability transition function T : R" — [0, 1] such that
T(xp) < #|V(x)|‘*5 x € R" (13)
VT ad-p T 0

and if xy € R", then the pair of feedback strategies (u*(-),d*(-)) is the Nash equilibrium of the defender-attacker non-cooperative
games in the sense that

J (x0,u*(-),d*(-)) = min max E[J (xg, u(-),d(: 14
( 0, u () ()) u(.)eblln(xo)d(‘)eu/{(%) [/ (x0, u(-), d(-))] (14)
and the Nash value is

J (x0,u*(-).d*(-)) = V(xo) (15)

Proof. Global finite-time stability along with the existence of a probability transition function 7 : R" — [0, 1] satisfying Eq.
(T3) follow Eq. (T1)) accorcding to Definition[I] Next, let (u (x(+)),d (x(-))) € F(xo), and let x(r),z > 0, be the solution to Eq. (3).
Then, using Eq. (7)), it follows that

H(x,u,d, V(") =Lxud)+V®),t>0 (16)
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and let us extend Eq. (I6) from 0 — 7 to t — oo to get

o0

/ OOH(x(t), u(t),d(t), V (x(t)") dt = / OoL(x(t), u(t), d(t)) dt + / V (x(1)) dt (17)
0 0 0

However, since (u(-),d(-)) € F(xp), it follows that lim, ,7()x(r) = lim, . x(r) = 0, and since V(-) is continuous,
lim, o0 V (x(#)) = V (lim,—, oo x(#)) = 0, which in turn implies that fooo V(x(t)) dt = -V(xp). Therefore, Eq. reduces to

/ “n (x(0), u(r), d(2), V (x(0))) dt = / T (1), u(t), d(®) dt - V(xo) (18)
0 0

and let u(-) = u* (x(-)) and d(-) = d* (x(-)), and since (u*(-),d*(-)) € F(xy), Eq. originates from Eq. using Eq. (TT).
Next, let u(-) € Up(xp) and d(-) € Ux(xp), which implies that (u(-), d*(-)) € F(xp). Using Eqs. (IT)) and (I8) yields

J (x0,u(),d*(-)) = V(xo) + /0 H (x(t), u(t), d*(®), V (x(t)") dt

19)
= Vixo)
similarly, -
T (0,1 (),d()) = Vi(xo) + / H (x(0), u* (1), d(0), V (x(t)") dt 0
0
< V(x)
consequently, in view of Eqgs. (I3)), (I9) and (20), we can get
T (x0,u* (), d(-)) < T (x0,u* (), d*(-)) < T (x0,u(),d*(-)) (21
for all xo € R", u(-) € Up(xo) and d(-) € Ua(xo), which proves Eq. (T4). O
3.2 | Collision free with safety guaranteed

In this section, the concept of a finite-time stable zero-sum game is introduced for ensuring a collision-free non-cooperative
game. Firstly, the agent is assumed to detect the obstacle i.

Proposition 1. Holder condition: The obstacle O;(+) is continuous on x € ) and for any boundary set 0O; there exist Holder
condition C = C(00;) € (0, 00) such that

0i(x) - 0,0 < Clx—y|*
for any x € 00; and y € 00;, where C and a are non-negative constants. Thus, in the set of obstacles O; we suppose
O0i(x—q) = |0,-(x) - O,-(y)’ and let ¢c; = C ’x—y’a such that O;(x — q;) < c¢; holds. In turn, (’){me is setted to represent the
collision-free space.

Considering that the set O{rge related to the obstacle i represents the collision-free space and is defined as the zero-super level
set of a Holder condition function O;(x —¢;) : R" — R, i.e.,

O = {x eR: Oi(x-q) > ¢;}
QO = (x e R: Oi(x—q) = ¢;) (22)
int (of) = (xeR: Oix—q) > ci)

where OO/ and int ((’){m’) denote the boundary set and the interior set of O, respectively. For ease of notation, we let
)

In view of an unknown environment, the agent should make decisions in finite time aiming at establishing optimality along
with guaranteeing collision avoidance, which amounts to rendering the safe set 7 positively invariant>? with respect to the
system , that is, if xo € H — x(¢) € H, t > 0. In the sequel, for every initial condition xy € H, the set of pairs of feedback
strategies associated with the safe set is defined as F (xo, 1) = {u(-) € F,(xo),d(-) € Fu(xo)}: x(-) given by Eq. (3) satisfies
x(t) — 0ast — T(xp) and x(r) € H, t > 0. Specifically, the set F (xg, ) comprises the pairs of finite-time stabilizing
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control strategies (u(-), d(-)) rendering both the arising closed-loop system finite-time stable and the safe set H positively
invariant with respect to closed-loop system (3)). Moreover, let Up (xo, H) C Fu(xo) and Uy (xo, H) € Fu(xo) be such that
Up (xo, H) X Ua (x9, H) = F (x0, H), x9 € H.

Now, our problem is stated as a finite-time stable zero-sum game. Considering the system (3)) end time evolution of non-
cooperative games associated with the performance measure (@) wherein the defender seeks to minimize it, whereas the attacker
seeks to maximize it. Suppose that the agent has detected the obstacle, and considers the associated safe set 7{. Then, the objective
amounts to finding a safe finite-time stabilizing saddle point solution (uj‘(~), d; (-)) € F (xo, H), rendering the equilibrium point
of the closed-loop system (E]) with u(-) = u}(-) and d(-) = d; (-) finite-time stable and the safe set H positively invariant with
respect to the closed-loop system (3) while (u;‘(~), d;"(o)) is a saddle point of the performance index (4)) for every xo € H.

In light of the above, a finite-time stable zero-sum game is mathematically described by an optimal control problem of the form

Vixo, 1) = min  E[J (o, u(-), d(-))], x0,x() € H, t >0 (23)

max
d(-)€UA(x0,H) u(-)€Up(x0,H)

However, finding a feedback solution to a state-constrained differential game is a computationally intractable task. Thus, to
circumvent that, the latter can be equivalently converted into an unconstrained optimal control problem by integrating an obstacle
function B(-) connected with the safe set H into the performance integrand (3), thereby yielding

Lg (x,u,d) = Li(x) + eB(x) + u'Ryu—d"Ryd 24)

where € > 0 is a factor to enable a trade-off between safety and optimality by determining the relative dominance of the obstacle
function B(-) to the running cost Lg(-). As a consequence, the safe Hamilton function is now defined as

Hp (x,u,d, V(x,0") = Lg (x,u,d) + V(x, 1) [P(x, u, d) + o (x, 1)] (25)

Definition 3. Let B : H — R be a continuous function on #H and consider that B(-) allows the following properties.
(1) It vanishes at the equilibrium point of the system (3)), that is, B(0) = 0.
(2) It takes positive values everywhere on H except the origin, that is, B(0) > 0, x € H\{0}.
(3) It approaches infinity as the state approaches the boundary of the safe set H, that is, lim,_, 93, B(x) = c0.

Considering the properties of obstacle function in Definition [3|and B(0) = 0 needs to be satisfied, and B(x) > 0, x € H\{0},
and sup, ¢4, B(x) exists. Therefore, we can let B(x) = log (1 + 1/(0;(x — q;) — ¢;)), x € H. Based on the above, the safety-aware
performance measure associated with the safe set # is provided by

Jp (xo,u,d) = / Lg (x(1), u(t), d(1)) dt (26)
0
thus, Eq. (23) can give rise to the following unconstrained optimal control problem

Vi(xo, 1) = doShax u(->eIzI413&O,H)E [/ (xo, u(-), d(-))], xo,x(t) € H, 1 =0 27

Note that the saddle point solution (u:‘(~), dj(~)) and the value of the game Jp (xo, u; (), d_j‘(')) can be termed as the safe Nash

equilibrium and the safe Nash value related to the safe set H, respectively. The following theorem provides sufficient conditions

for characterizing the safe Nash equilibrium by establishing finite-time stability along with positive invariance of the safe set

. As illustrated in Fig. 3] the structure of the NCPG includes five steps: from the hybrid system to the verification, where the
finite-time stability analysis and the Nash equilibrium solution process are shown in the control structure below.

Theorem 2. Considering the controlled nonlinear dynamics system (3)) with performance index (26)). Let xy € H and assume
that there exist a continuously differentiable function Vg : H — R, real numbers o > 0 and 8 € (0, 1), and continuous feedback
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strategies such that
u;(0)=0, d;(0)=0

Ve(0)=0, Vp(x)>0, xe& H\{0}

V() [P (x, u} (), d () + 0 (x,1)] < —aVP(x)

su?[_)[ ’L (x, u;‘(x),d:(x))| < 00 (28)
RIS

Hp (x,ul,d;, Vsx)') =0
Hp (x,u5,d;, V(") >0
Hp (x,ul,d,, V(") <0

with the feedback strategies u; (-) = u; (x(+)) and d;(-) = d; (x(-)), the zero solution x(t) = 0 to

X:P(x,u* d*)+J(X,t),l20 29)

s

is finite-time stable and H is a positively invariant set with respect to Eq. (29). Moreover, there exist an open neighborhood
Ho C H of the origin and a probability transition function Ty : Hy — [0, 1] such that

1 _
Too) <~ Vaxo)| ™, x0 € Ho (30)

and if xo € Ho, then the pair of feedback strategies (u;*(-),d;‘(-)) is the Nash equilibrium of the safe defender-attacker
non-cooperative games in the sense that

g (x0,u; (), d; () = I [J5 (xo, u(-), d(-))] €29

min max
u(-)EUp (x0,H) d(-)EUA(x0,H)
and the Nash value is
Jp (x0,ul (), d; () = Vi(xo) (32)

Proof. Finite-time stability along with the existence of a probability transition function Tg(-), as well as the existence of the safe
Nash equilibrium using identical arguments as in the proof of Theorem T}

However, to complete the proof, that the set A is positively invariant with respect to Eq. (29) needs to be demonstrated. To this
end, let xo € H and let x(¢), ¢ > 0, be the solution to Eq. @) Assume that there exists * > 0 such that lim,_, .« dist (x(¢), OH) = 0.

hybrid dynamics strategy platform safety guaranteed results verification
. + *\
— " 1 >, +
init-time nasl| '
stability equilibrium E +- + 4=
+_7
---------------------------- \

probability transition

function
-5
(0] <= ‘V((IX)‘ ;
Vix, r)l 00) BC) w2l =
+ ! J(x, u*, d¥)

FIGURE 3 NCPG strategy control structure.
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Now, integrating Eq. over [0, #*] yields
Hg (x(2), u} (x(2)), d (x(1)), Vi (0)) = Lp (x(0), u (x(0)), di (x(1))) + V (x(2))

/ Hy (x(8), u} (x(0)), dy (x(1)), Vi (x)) di = / Lg (x(0), u; (x(1)), dy (x(1))) di + /
0 0 0

t

V (x(1)) dt

0= / L (x(1), u} (x(1)), d; (x(t))) dt + / *eB(x(t)) dt + Vi (x(1*)) = Vi (xo) (33)
0 0

Vs (x(t)) =

Ve (x0) - / L (x(t). 2 (1), (1) dt] e / B (x(t)) dr
0 0

where the term Vg (x) — fot* L (x(1), u? (x(1)), d (x(t))) dt is finite by Eq. . On the contrary, since lim,_,,« dist (x(t), 0H) = 0,
it follows that lim,_, ~ B (x(f)) = co, which in turn implies that e fof* B (x(?)) dt = co. Therefore, Vg (x(t")) = —o0, leading to a
contradiction. Consequently, it turns out that if xo € 7, then the solution x(¢) to Eq. (Z9) cannot escape #, and thus the safe set

7 is positively invariant with respect to Eq. (29). O
4 | COOPERATIVE PROBABILISTIC GAMES WITH UNSTATIONED ATTACKER
4.1 | Probabilistic reachability analysis

Stochastic Differential Equations (SDEs) can be used to describe the behavior of a stochastic process. Instead of simulating each
realization of the stochastic process, the forward Kolmogorov equation (or Fokker-Planck equation) can be used to describe
the time rate of change of the Probability Density Function (PDF)**, Combining the optimal control framework with the time-
evolution of the PDF will give rise to the field of PRA. The PRA will compute the transition probability to a certain state.
Alternatively, the value function will be equal to the conditional probability of being in the initial set R at time # = 0 and in a
final state X = (x,,x,) at time t = T.

Consider a controlled stochastic process X; .

x(1) = P(X,u,d) + o(x,1) (34)

Because the dynamics are stochastic, it is no longer possible to minimize the value function. Instead, the expected payoff is
minimized over all possible further realizations of the Wiener process

V(t,%) = min max B (6 (x.:(T))] 35)

with ¢(x) := 1x(x), where
; 1 ifxe 36
=10 itxe K (0)

where /C is the non-empty target set in R”. Consider the reachable set R under probability of success p, or the set of initial
conditions x for which the probability that there exists a trajectory X, that reaches target set /C at time 7', associated with the
control u € Up and d € U, is at least p=>

RA? = {x € R"|3u € Up,d € Us,P [x,(T) € K and x,(T) ¢ A] > p} (37)
The sets R.A! can be characterized by using the Level Set method
RA ={xeR"|V(x,)>p} (38)
An intuitive derivation can be made if it is assumed that the value function is differentiable

V(x, 1) = min zré%[x {E[V(x+ AP, u,d)+ & t+ A} (39)

ucUp
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with € ~ N (0, o(x, 1)) a zero mean process which is normally distributed with the standard deviation a function of both state
and time. Taking the Taylor expansion of the value function by means of Itd’s calculus. Since dx? is of the order df because of
the Wiener process, the expansion must be performed up to the second order.
1
Ve + A1+ A & V1) + Vs DAL+ Vil DA+ 5 (Ve AX® + 2V AxAt + V, AF) + Q(5) (40)
where Ax = AP(x,u,d) + £. Keeping all terms of order Q(Af), we have the Dynkin Operator®

E[V] = V(x,t) + AP, u, d)Vi(x, ) + %Tr (*(x, OV, 1)) 41)

Substituting into V(x, f) and dividing by At

Vi) -Vt + A r o1 T
A; = I?EIZI/{I[I) flré%{}: {VXP()C, '+ ETr (O'(X, 1),o0(x,1) Vxx) (42)

For the limit of At — 0 the value function is characterized by the viscosity solution to the stochastic HIB equation®

av 15A% 1 oV
E(x, ) + sup {ax(x, HP(x,u, d)} + ETr {O'(X, 1), o(x, t)Tﬁ(x, t)} =0 43)

The stochastic HIB equation can be solved using a similar method as for the deterministic HIB equation. Next to the
convection term, an additional diffusion term is added to the Level Set method. In contrary to the deterministic reachable set,
the value function in the PRA is not represented by a signed distance function. Instead, an indicator function (36) is used. The
regularization of the indicator function is done by

VE(x) = 1 —min (1, max (O, —édist(x, K))) (44)

where V¢ (x) is %—Lipschitz continuous.

In a reach-avoid game, the goal of the attacker is to avoid being intercepted by the defender while reaching the target set. This
reach set R is represented by the attacker being inside /C. On the way to target, the attacker must avoid being intercepted by the
defender. All players need to avoid the obstacle €2,,;, which can be viewed as the locations in {2 where the players has zero
velocity. In particular, the defender wins if the attacker is in §2,,, and vice versa. Thus, the reach set and the avoid set are defined as

R = {X S QZ ‘XA c kA ||.XA —)CDH2 >Rc} U {X S Qz |xD S Qobs} 45)

A={x€Q||xa—xp|* <Rc}U{x € |xs € Qs } (46)

Given these sets, the corresponding level set representations Eqs. (37) and (43) can be solved. If x* € R.A?, then the attacker
is guaranteed to win the game. The explicit winning strategy can be obtained from Ref.*"

Sd (.XA,)CD, t)

A*(xp, Xp, 1) = Vg ———— =
P 4 4 (xa, xp, 1)]|?

(47)

_ _ v
where s = (sg,5,) = B(xa.xp)

strategy can be obtained

Similarly, if x* ¢ R.A?, then the defender is guaranteed to win the game. The explicit winning

Su (XA,.XD, t)

D*(xg,xp, 1) =vp———
4 P D||Su (.XA,XD,I)HZ

(48)

4.2 | Stochastic dynamics flowfield

In addition, the dynamics are partly deterministic and partly stochastic as the flowfield disturbances. Before the defender reaches
the attacker, it not only needs to avoid obstacles, but also needs to try to overcome the effects caused by the disturbance. The
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disturbance of the flowfields are nonlinear. g(x, y) denotes the flowfields current at position (x, y)=. The current is supposed to
flow with constant direction, with the magnitude of g increasing in distance from the middle of the flows:

1+ay2}

gx,y) = [ 0

similarly, to describe the uncertainty influenced by the Brownian motion W, the diffusion term is considered

o(x,y) = {Ux 0 ]

0 oy
It is assumed that defenders can change their directions « instantaneously. The complete dynamics of the defenders are given
by

2
dxp _ 1 +ay +'VD cos(a) di+ o, 0 AW
dyp vp sin(a) 0 oy

where o € [, 7] is the direction of the defenders with respect to the x axis, where o depends on the term —~2%=2:0_ from Eq.

(s (xaxp,0)2
Obviously, the probability of success starting from some initial position in the whole region depends on starting point (x, y).
As shown in the previous Sec. .1} this probability can be characterized as the level set of a function. Stochastic HIB equation

can be updated from Eq. (@3) as follows

2
a—v(x, y,H)+ sup a—V(x, v, 1) (l + ay2 +vp Cos(a)) + a—V(x, v, Hvp sin(a) p + lTr Jfa—v(x, v, 1)
ot aelmm] | Ox Oy 2 Ox2 (49)

1 o’V
+ ETF {0'}2,6}}2()6, y, Z)} =0
It can be shown that the orientation controller value for the attacker and the defender maximizing the above Dynkin operator is

a*(x,y,1) = arg max (gv(x, y,t) cos(ar) + ?(x, y, 1) sin(a))
y

agl-m,m] a);/ (50)
= arctan,, (8iV> (x,y,1)
Therefore, the stochastic HIB equation can be simplified to
ov ov 1 o*v 1 o*v
)+ — @0 (1+ay?) + =Tr3 o2 =6,y 0) ¢ + =Tr 3 02— (x, .1
g By D+ oy (1+ay?) + 3 r{oxaxz(xy )} 5 r{o) oy )} 1)

+vp||VV(x,y,0)|| =0

where VV(x,y,1) = [%(x, ¥, t)%(x, y, t)} .

43 | Competitiveness analysis with predictive planning

In this section, more agents with distributed control are added and the agents not communicating with each other are assumed. In
order to compute the optimal strategy for the defender team, all defenders need to predict the strategies and actions of the other
defenders and make plans based on these predictions. It is called a Generalized Nash equilibrium. However, the allocation of
defenders to attackers is based solely on the cost metric associated with attacker interception. In this paper, a Defender Collision-
Free Cross-Interception (DCFCI) strategy is proposed for defenders to intercept attackers in order to prevent the attackers from
reaching the target area, such that the defender-to-attacker assignment considers not only the movement trajectory cost but
also possible collisions among defenders on the optimal trajectory. In particular, this strategy are decoupled into two stages.
Stage I will find a feasible solution set with predictive planning, and stage II will further calculate an improved solution set with
cross-interception. Firstly, for each agent in the distributed multi-agent system, let (x;(¢), u;(r)) denotes the relative coordinates
and control input of the defender i € {1,...,N}, and let &; denotes the strategies of all other defenders except the defender
i,ie., ;= Up,...,Ui1,U1,-..,Uy). If the strategy set of i-th defender ©;(7;) C R"™ depends on other defenders strategies,
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then the strategy set of DCFCI can be denoted as ©;(i1;) = {(x;, u;) € Rl(x;, u;, i1;) € O}, where © C R” is a nonempty, closed
set representing the joint constraints of all defenders i € {1,...,N}. © is allowed to be nonconvex“%. The set ©;(i;) is closed
because of the property of O. In light of the above, DCFCI strategy is mathematically described by an optimal control problem
of the form

.t (x, u;) € ©;(i1;)  V(x) = H‘lliIlE [J; (xi, g, 12)] (52)

Proposition 2. A strategy profile (x,u}) € O}, u}) is called as a generalized Nash equilibrium solution of DCFCI strategy, if
and only if (x}, u}) satisfying the following inequality
J(x ul u)SJ(x,,u,, l) Viel{l,...,N} (53)

[t Rt

where (x},u}) and (x;,u;) are the optimal strategy and strategy of the defender i, respectively. i} summarizes the optimal
strategies of all other defenders except the defender i.

The general form of constraints of DCFCI strategy can be define as
Oi(it;) = {(x;, u;) € R"Ii(x;, u;, i1;) > 0} (54)

where the /; depending on the decision of other defenders is called a joint constraint of DCFCI strategy. Since our target is to
minimize the objective function J;, this optimization problem is solved by Nikaido-Isoda function?, which can be defined as

N
i} (@k’®k+l) = [Ji (xfg+l’ul§+l vk) (x{( ul ﬁk)] (55)

i
i=1

where ©% and ©*! are two feasible solution sets (as two stages: stage I and stage II) for the DCFCI strategy, and ©**! is the
improvement of ©* in the objective function of the i-th defender while all the other defenders keep their strategy unchanged.
Using Nikaido-Isoda function, we define

R(x, ) = sup W (O, 01) | (x;,u)) € © (56)
®k+]
then, it is not difficult to see that N(x;, u;) is nonnegative for ©F, and that (x¥*, u}) is a solution of DCFCI strategy if and only if
7, uf) € O, uf) and R(x}, u}). Therefore, finding a solution of DCFCI strategy is equivalent to computing a global minimum
of the optimization problem
min N(x;, u;)  s.t. (x,u;) € O 57)

However, some disadvantages 40 can be found from a mathematical point of view. On the one hand, given a vector (x;, ;), the
supremum in Eq. (56) may not exist unless additional assumptions hold, and on the other hand, this supremum, if it exists, is
usually not attained at a single point which, in turn, implies that the mapping N and, therefore, also the corresponding optimization
Eq. (57) is non-differentiable in general. In other words, the feasible solution set in stage I may lead to non-differentiability in
the optimization in order to meet the collision avoidance. Therefore, the cross-interception strategy in stage Il overcomes these
shortcomings. Specifically, a simple regularization of Eq. (53)) is exploited to allows the transition from stage I to stage II. To
this end, let v > O be a fixed parameter and define

N
@k @k+l —— Z .+1 k+l vk) Ji (xf uk ) ’VH< k+l k+1 vk) (xk,uk,ﬁk)Hz} (58)

> Uj > Uj ir i %
i=1

Moreover, for (x;, u;) € © we have

. K ok+l
N (g, u7) —I(ralg?(\lfﬁ, (@ , O )

N

= max [jl (x;c+1’uk+l Vk) (xk uk vk) ,VH (xéﬁl’ ui'ﬁlsﬂi‘{) ( k vk) || ]

1

(59)

N
=Z{Ji (xji(+1’u§<+l vk) min [J (le( uf, 1) +’7H( /§+1 k+1,ﬁf) + ()C I/lk ﬁk)” ]}

Ok+l



PLEASE INSERT YOUR ARTICLE TITLE HERE 13

be the value function and a number of properties of the mapping N., are demonstrated in the following

Theorem 3. The function N, satisfies:
(i) Ny (x;, u;) > 0 for all (x;,u;) € O;
(ii) (x7, u}") is a generalized Nash equilibrium solution of DCFCI strategy if and only if (x}, u}) € O(x, u}) and R (x},u) = 0.

Proof. (i) For all (x;,u;) € ©, we have N (x;, ;) = maxgw ¥, (05, 0F1) > ¥ (6F,6%) =0
(ii) Assume that (x},u;) is a generalized Nash equilibrium solution of DCFCI strategy. Then (x}, ;) € ©(x},u}) and
Ji (x5 up i) < Ji (xiug,if) foralli € {1,...,N} from Eq. . Thus,

\I/’y (@k+1’@*) — [J (X M* ﬁk) JI (xlg+1 I/lk+1 uk) ,Y”(x u* ﬁk) (xk+ k+1 uk)” ]

l > Liat )

(60)

o Emz

<
where J; (x7, uf, itf) — J; (X1, uf*! i) < 0 and this implies
* o ky _ k+1 *
Ny(x,-,u,-)—rggfc%(@ﬂ@)éo (61)

with part (i), we have N, (x], ;) = 0.
In turn, assume that (x}, u}) € O(x},u}) and N(x}, u}). Then, ¥, (6!, ©*) < 0 holds. We let A € (0, 1) be random and

define
* * ~f. .
AN ix " ’ 1 (62)
CFoul) + (1= N, uf), =i

where the convexity of the set ©; implies that (xj’-‘”, ui*h) € ©;forallj e {1,...,N}. For this particular (1 w1y it therefore
obtains
0 Z ‘1/,Y ((__)k+l’ (__)*)
=i (xFuf, i) — Ty (NG, ul) + (1= N, ), i) — (1= N || (xF uf s i) — (4wl i) |12 (63)
> (1= N; (xF a7 ) = (U= Mg (38, b, 1) — (U= N2 (x5 i) — (™!, i) |12
from the convexity of J; with respect to (x¥, #¥). Dividing both sides by (1 — \) and then letting A — 1~ shows that
] (x u ) (xk uk uk) < 7(1_)\)“( * u*) (xk+1 k+1 uk)||2

l’l l’l

(64)

Ji (x uy, “-*) <J; (xk uk “k)
since this holds for all (xf, uf‘) € O, foralli € {1,...,N}, it follows that (x, u}) is a generalized Nash equilibrium solution of
DCEFCT strategy. O

5 | SIMULATION

Following the works!™>*L, the dynamics of the defender and the attacker are described by xp(f) = up(t) and &, (t) = dy(¢). The
tracking error whose dynamics are given by &(f) = f(x(f)) + up(t) — da(t), where f(x) := 1 —0.01x? is a wind disturbance with
nonlinear dynamics flowfield. The terms composing the running cost are given by L;(x) = (1/2)||x||, R, = (1/2)],and R, = I.

The NCPG is validated when the multi-agent system contains obstacles and stationary attackers in the following simulations.
In our experiments, in the region [0, 120] x [0, 120] multiple defenders are setted, their attackers to be reached and some
obstacles. The relevant information about the defenders, attackers and obstacles is shown in Table[I]and 2] For the purpose of
comparison, the non-cooperative game method using non-probability*! is chosen as a baseline. In this baseline method, an
approximate solution to the HJI equation is obtained using a learning-based algorithm.

51 | Stationed attacker

In order to demonstrate the advantages of our method, the initial position of the defender, the attacker task and the obstacles
is stationed in the next simulations. Figure 4] shows the game of six defenders with their attackers in an unknown complex
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TABLE 1 Information of multiple defenders and attackers.

Object No. Start position Attacker position
Defender 1 [20,40] [110,10]
Defender 2 [0,70] [110,30]

Defender 3 [40,70] [110,50]

Defender 4 [10,80] [110,70]

Defender 5 [30,80] [110,90]

Defender 6 [20,70] [110,110]

TABLE 2 Information of obstacles.

Obstacle No. Position Influence radius
Obstacle 1 [20,60] 5
Obstacle 2 [40,35] 5
Obstacle 3 [50,70] 3
Obstacle 4 [60,60] 5
Obstacle 5 [60,90] 4
Obstacle 6 [70,50] 4
Obstacle 7 [90,70] 5

environment using baseline method. Figure [5] shows the game situation of six defenders with their attackers in an unknown
complex environment using our method. The grey dashed line represents the predefined reference trajectory r¢ (without
considering obstacles). Compared to the baseline method, our method is able to reach the Nash equilibrium earlier and smoothly.
Figure[6]shows the real trajectory deviation from the predefined reference trajectory due to the disturbance of the flowfield. The
pink region is the time period when the dynamics flowfield disturbance is applied. Obviously, our method has stronger stability
compared to the baseline method.

120
100 F 1 —— DI-Al
D2-A2
D3-A3 | |
D4-A4
80 B D5-A5
~ D6-A6
\g 4
S
—_
& 60 | §
> Rz
3 |
13
2
40 - 4=
~ ]
20 b |
0 | | | | | | . ,
0 20 40 60 80 100 120 0 20 40 60 80 100 120 140
x(m) Time(s)
(a) The trajectory diagram. (b) Relative distance of the defenders to their attackers.

FIGURE 4 Multiple defenders in an unknown complexed environment game with the attacker using baseline method™L.
The position of the attackers is stationed, so that the attackers are affected by the defenders counteracting on the defenders.
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(a) The trajectory diagram. (b) Relative distance of the defenders to their attackers.

FIGURE 5 Multiple defenders in an unknown complexed environment game with the attacker using our method. The
position of the attackers is stationed, so that the attackers are affected by the defenders counteracting on the defenders.
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FIGURE 6 The real trajectory deviation from the predefined reference trajectory due to the disturbance of the flowfield.

52 | Unstationed Attacker

In this section the stationed attacker is setted to the unstationed attacker that the defender needs to capture before the attacker
moves to the target. In addition, obstacles in the environment are retained to make it more difficult for the defender to reach
the unstationed attacker. To present our results more clearly, the number of defenders is reduced to three. The initial positions
of the defenders are set to xp = [40,20,40], yp = [100, 120, 0]. The positions of the obstacles are set to x, = [30, 60, 70],
¥, = [110,90, 30] and their radius of influence are [5, 10, 10]. The target is set in a circular area centred at (80, 60) with a radius
of 10. The initial positions of the unstationed attackers are set as x4 = [125, 0, 125], y4 = [100, 20, 20]. The unstationed attackers
are all moved in the direction closest to the target. Firstly, the baseline method is shown in Fig.[7} Obviously, although the
defenders succeed in reaching the attackers, the targets have already entered the target.
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FIGURE 7 The defenders arrive at the unstationed attackers using baseline method. The green region is the target. The grey
area is the avoid set (obstacles). The red dashed line is the trajectory of the unstationed attacker. The black dashed line is the
initial reference trajectory.

120

100 +
80 - e d
z 2
= 5 =~ =)
é 60 F Target . "g g/ Fg
> | = S
- -
=™ ~
40 r

20+ +

4,
D,
0 1 L # 1 L L 1 L <+ -]
0 20 40 60 80 100 120 0 20 40 60 80 100 120
x(m) x(m)
(a) High probability of reaching region. (b) The defenders arrive at the unstationed attackers using our method.

FIGURE 8 The computation of the high probability region optimizes the game strategy for the defenders to reach the
unstationed attackers. The dark pink region is the high probability of the defenders reaching the unstationed attackers region. As
the distance among the defenders and the unstationed attackers decrease, the probability of the defenders reaching the attackers
increases.

Figure[§]shows that the task of the defenders reaching the unstationed attackers using PRA is completed before the unstationed
attackers reach the target. Our previously proposed method in probabilistic reachability in stochastic multiplayer reach-avoid
games is used to compute the region of high probability of the defenders reaching the unstationed attackers as shown in Fig. [8(a)]
As the colour deepens, the probability of the defenders reaching the attackers increases. The defenders recalculate the game
trajectory based on the calculated high probability region using our method as shown in Fig.[8(b)] As the distances among the
defenders and the unstationed attackers decrease, the probability of the defenders reaching the attackers increases.
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In addition, we have distributed control over the defenders and assume that these defenders do not communicate with each
other. Similarly, the unstationed attackers are controlled using time-optimal control. Consider a scenario with two defenders
(black) and two unstationed attackers (red), as shown in Fig.[9(a)] where the defenders first use the game strategy to method the
initially matched game attackers, and there is no active collision-avoidance control among the defenders. When the DCFCI
strategy is used, the defenders’ closest unstationed attacker at this point changes from stage I to stage II according to Eqs. (58)
and (39), and the closest attacker is reassigned for the DCFCI strategy. The optimal trajectory of the defenders is solid, while the
dashed trajectory is the suboptimal trajectory corresponding to the allocation of the unstationed attacker by the defenders who
do not know about the collision under the same initial conditions. The original method results in D; — A; and D, — A, while
the results change to D; — A, and D, — A; when using the DCFCI strategy with predictive planning and cross-interception.

120
D4, and D, >4, D4, and D, >, D, —A, and D,—>4, DA, and D—>4,
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(a) The trajectory diagram. (b) Minimum distance between defender 1 and defender 2. (¢) Minimum distance among the defenders and unstationed

attackers.

FIGURE 9 Defenders reach the unstationed attackers before the unstationed attackers reach the target ensuring collision
avoidance and time optimality between defenders. (defender: solid line, unstationed attacker: red dashed line)

Figure [0(b)| shows the distance between defender 1 and defender 2 including suboptimal trajectory (baseline) and optimal
trajectory with cross-interception (DCFCI strategy, our method) from stage I to stage II. The purple dashed line in Fig.[9(b)]
indicates the minimum safe distance p; between defenders. Note that the defenders collide with each other at the baseline, which
does not account for possible future collisions between the defenders. On the other hand, our method helps avoid imminent
collisions between defenders and guarantees optimality in time. The whole process is divided into two stages. Compared to stage
I, the defenders in stage II are reassigned game objectives. In Fig. the minimum distance between the defenders and their
game objectives is shown. The same game time as the baseline method is guaranteed in stage II while avoiding collisions.

6 | CONCLUSION

A deterministic and stochastic dynamics model for reach-avoid games is decoupled into a non-cooperative probabilistic game
and a cooperative probabilistic game. With the aid of zero-sum game analysis stochastic HJI equations are constructed in the
non-cooperative probabilistic game. The probability transition function facilitates finite-time stability with safety guaranteed. In
the cooperative probabilistic game, probabilistic reachability analysis is used to obtain high-probability interception regions. In
addition, the proposed DCFCI strategy effectively accomplishes cross-interception with collision avoidance. Finally, in order to
obtain the Nash equilibrium solution, both the non-cooperative and cooperative probabilistic games are continuously iterated
with feedback strategies. In this paper, two cases with stationed and unstationed attackers are considered as a verification of

the method. Future work will continue to probabilistically solve the HJI equations to address the limitations of multi-agent
high-dimensional games.
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